INTRODUCTION
The theory of tight closure, initiated by M. Hochster and C. Huneke about 15 years ago, has been considerably developed since then. The success of this theory lies in the large number of applications to other problems in commutative algebra and algebraic geometry. For example, it provides a short proof of the Briançon-Skoda Theorem and captures the obstruction of a ring to being Cohen-Macaulay [7] . In algebraic geometry, it is connected both with vanishing theorems and with the study of singularities [5, 11, 19, 23] .
Tight closure is an operation defined for ideals in commutative Noetherian rings containing a field. The definition is based on reduction to characteristic p and iteration of the Frobenius map. In this paper, we therefore restrict our attention to the prime characteristic case.
This paper investigates the test ideal of a commutative Noetherian ring of prime characteristic. By definition, the test ideal is the ideal of all elements that multiply the tight closure of every ideal into itself. The test ideal of a ring R is the unit ideal if and only if all ideals of R are tightly closed. More generally, it is conjectured that the test ideal defines the closed locus of points in Spec R for which the corresponding local ring fails to have all ideals tightly closed. The difficulty in establishing this conjecture is that the operation of tight closure has not been proved to commute with localization. Rings in which all ideals are tightly closed (and whose localizations also have this property) are called F-regular rings. Thus one may think of the test ideal as an ideal that conjecturally endows the set of non-F-regular points of an affine scheme with a natural subscheme structure.
Test ideals have turned out to be important invariants of rings. For instance, if R is a locally excellent Gorenstein ring of positive characteristic, then R is a direct summand of every module finite extension if and only if the test ideal is trivial ( [10] ). As another example, it is shown in [21] that for normal local Cohen-Macaulay -Gorenstein rings essentially of finite type over a field of characteristic zero, the multiplier ideal is a universal test ideal (see [4] for further information on multiplier ideals). Thus test ideals are connected to the inherent algebraic properties of local rings, and test ideals also seem to be connected to fundamental geometric features of the corresponding schemes.
In [9] , Hochster and Huneke study the behavior of F-regularity under smooth base change and show that F-regularity is preserved under a smooth change of basis (see Theorem 2.5). In this paper, we refine this result, proving an analogous theorem for the test ideal (see Theorem 5.1 and (5.2) for an application of this theorem). We must assume that the formation of the test ideal commutes with localization, a property that is known to be true in a number of situations (cf. [14, 17] ). An analogous assumption (that the property that all ideals are tightly closed passes to localizations) can be viewed as an assumption in the Hochster-Huneke result: They prove that the property that all ideals are tightly closed is preserved under arbitrary smooth base change, but only under the assumption that this property is preserved by localization. In fact, in [9] , Hochster and Huneke also considered the behavior of the test ideal under a smooth base change and proved a theorem similar to our Theorem 5.1 for complete local rings (see Theorem 2.4).
Section 6 is devoted to the study of the behavior of test ideals under finite flat homomorphismsétale in codimension 1, proving that the extension of the test ideal is the test ideal of the extension (see Theorem 6.1 for a precise statement). In this case, we need to assume that the tight closure and the finitistic tight closure of zero of the injective hull of a local ring are the same. Note that this condition implies that test ideals commute with localization (cf. [14] ).
Theorem 6.1 extends [22, Theorem 2.7] , where it is proved that F-regularity is preserved under finite local homomorphisms which aré etale in codimension 1. These results, together with the ones proved in [21] , suggest that test ideals, in normal rings, might be invariants which only depend on the codimension-1 properties of the rings.
In the last section of our paper we formulate some open questions indicating how their solutions would improve on results already known or proved here.
For a related study of the behavior of the test ideal under various kinds of nice ring homomorphisms see [1] .
PRELIMINARIES AND PRECISE STATEMENT OF RESULTS
All rings appearing in this paper are assumed to be commutative, with unit 1, and of characteristic p > 0. The letter q will always stand for a power p e of p, where e ∈ . Next we review some basic facts about tight closure. For more details we refer the reader to the paper [7] .
Given a ring R, we denote by R 0 the complement of the union of the minimal prime ideals of R. If I ⊂ R is an ideal, then I q is the ideal of R generated by the q = p e th powers of the elements of I. We say that x ∈ R is in the tight closure of I, if there exists an element c ∈ R 0 such that cx q ∈ I q for all q = p e 0. The tight closure of I is an ideal denoted by I * . A ring in which every ideal is tightly closed is said to be weakly F-regular. A ring R such that R W is weakly F-regular for every multiplicative system W is called F-regular. In a regular ring every ideal is tightly closed, hence any regular ring is F-regular.
We say that c ∈ R 0 is a test element (for ideals) if for every ideal I ⊂ R and all elements x ∈ I * , we have that cx q ∈ I q for all q. This definition is equivalent to the following: An element c ∈ R 0 is a test element if for every ideal I ⊂ R and for all x ∈ I * we have cx ∈ I. The test ideal is the ideal generated by all the test elements in R.
The theory of tight closure and test elements extends to the case of submodules of a module. For this purpose we will recall the definition and some properties of the so-called Peskine-Szpiro functors, F e , e ∈ . Consider the ring homomorphism ρ e R → R given by the eth power of the Frobenius homomorphism ρ R → R. Let R e denote R with the structure of a right R-module given by the homomorphism ρ e and the structure of a left R-module given by the identity i R → R. The eth Frobenius functor, F e , is a covariant functor from the category of R modules to the category of R e modules and carries an R-module M to the R e -module R e ⊗ R M. When several rings are involved we will use the notation F e R M to indicate that the functor is acting on the R-module M.
Given r r ∈ R and m ∈ M, the R-module structure on F e M is such that r r ⊗ R m = r r ⊗ R m. However, note that r ⊗ R rm = r r q ⊗ R m. 
We say that c ∈ R 0 is a test element (for modules) if for every finitely generated module M and every submodule N of M, m ∈ M is in N * if and only if cm q ∈ N q for all q 0. The test ideal τ R of R is the ideal generated by all test elements. We will denote the test ideal of R by τ R .
If R is excellent and reduced then a test element for ideals is also a test element for modules (cf. [7, 8.6 and Proposition 8.15]). So there is no confusion in this case as to the meaning of the test ideal.
A natural question is whether test elements exist or not. The following theorem gives an affirmative answer in this direction. In particular, if R is finitely generated and reduced over an excellent local ring of characteristic p, any element c ∈ R such that R c is regular has a power which is a test element.
When modules are not finitely generated there is also the notion of fini-
M where the union is taken over the finitely generated submodules M of M and it is denoted by N * fg M . If Max R denotes the set of maximal ideals in R, E R m = E R R/m is the injective hull of R m /mR m , and
Remark 2.2 [9, 7.35] . If A m k is a local ring, then τ A is the intersection of the annihilator of 0 * M as M runs through all A-modules of finite length. Moreover, it suffices to let M run through any family of finite length essential extensions of k whose union is the injective hull of k.
Remark 2.3. Let us point out here an alternative characterization of test ideals: A local ring R m is approximately Gorenstein if for every integer n > 0 there is an m-primary irreducible ideal I n ⊂ R so that I n ⊂ m n (cf. [12] ). The sequence of ideals I n is called a sequence of small cofinite irreducibles, and it turns out that
As a consequence, by Remark 2.2 and (2.3.1), an element c ∈ R 0 is a test element if and only if for any n > 0, cI * n ⊂ I n . Since every excellent and reduced local ring is approximately Gorenstein (cf. [12] ), this criterion can be applied to a wide class of rings.
As indicated in the Introduction, test ideals have become an important ring invariant, so the relation between the test ideal of a ring and its image by a given homomorphism is an interesting topic for study.
In [9] , Hochster and Huneke study the extension of test ideals under certain classes of homomorphisms, obtaining the following results. From Theorem 2.5 it follows that if R → S is smooth and R is F-regular, then S is F-regular (smoothness in this context means flat with geometrically regular fibers). In [3] this result is generalized to the case when R → S is a flat homomorphism of F-finite local reduced rings with Gorenstein Frational closed fiber.
In Section 5 of this paper we will prove a generalization of Theorem 2.5 when R → S is a (locally of finite type) smooth morphism: To prove this theorem we first will treat the free,étale, and polynomial extensions. We mention here that Theorem 3.2 follows from Proposition 3.1 and some of the results that Hochster and Huneke obtained in [9] . However, to make this paper self contained, we will reproduce those results to give a complete proof of theétale case. Theorems 3.2, 4.1, and 5.1 are proved under the assumption that test ideals commute with localization. This is known for reduced excellent local Gorenstein rings and, more generally, for any reduced local excellent ring (which is essentially of finite type over a field or over an F-finite regular local ring) such that the tight closure of the zero module in the injective hull at the residue field of a maximal ideal is equal to the finitistic tight closure (cf. [14] ). See also the remark following Theorem 6.1.
In the finite flat case, we make also the following remark: Note that Theorem 6.1 is proved under the assumption that 0 * E R = 0 * fg E R for a local ring R m . This condition is expected to hold for all excellent rings. Right now it is known to hold for -Gorenstein rings (cf. [2] ) and for localizations of -graded rings at the unique homogeneous maximal ideal (cf. [13] ). It also holds for rings with isolated singularities and for Cohen-Macaulay local rings with an isolated non-Gorenstein point (see [14] ).
3.ÉTALE CHANGE OF BASE
The aim of this section is to prove Theorem 3.2. As a first step, we will prove Proposition 3.1. Proof. Let e λ λ∈ be a basis for S over A, and let c = λ c λ e λ ∈ τ S . Let I ⊂ A be an ideal and let z ∈ I * . Then f z ∈ IS * and hence λ c λ e λ z ∈ IS I λ Ae λ . As a consequence, c λ z ∈ I for every λ ∈ , therefore c λ ∈ τ A for λ ∈ , and thus c ∈ τ A S. Proof. First we prove that for each maximal ideal n ⊂ S, τ S n ⊂ τ A S n . To do so, we may assume that S is standardétale, i.e., that S = A t / p t h t , for some element h t ∈ A t / p t so that p t is a unit of S. Then f A → S factorizes as
By Theorem 3.1, τ A t / p t ⊂ τ A A t / p t , therefore the proof follows by assuming that test ideals commute with localization.
As indicated in the previous section, the inclusion τ A S ⊂ τ S follows from [9] ; however, in order to make this paper self contained, we include here the complete argument.
First note that we may assume that A is a local ring with maximal ideal m. Then since f A m → S isétale, E S E A ⊗ A S. Now let M λ λ∈ be a family of finitely generated A-modules, so that M λ ⊂ E A and
We will prove that 0 * M λ
, and let n 1 n k be the set of maximal ideals of S.
= 0 for some i ∈ 1 k . So, without lost of generality, we may assume that 0 * M λ ⊗ A S n 1 = 0 . Now, for every q = p e consider the homomorphism
where c ∈ A is a common test element for A and S n 1 . Since 0 * M λ ⊗ A S n 1 has finite length, 0 * M λ ⊗ A S n 1 ∩ Ann M λ ⊗ A S n 1 n 1 = 0, and as a consequence Ker β q = 0. In fact,
We may consider similar homomorphisms for M λ ,
and since (0) is tightly closed in M λ , q Ker α q = 0.
Since A → S n 1 isétale, by Lemma 3.3 below we have that Ker β q Ker α q ⊗ A S n 1 , and hence q Ker β q = 0, which is a contradiction. We end this section by pointing out the following fact about finite flat extensions. Proof. By Proposition 3.1, τ S ⊂ τ A S, so if τ S S n = τ A S n for all maximal ideals n ⊂ S, the equality τ S = τ A S holds.
Conversely, if τ S = τ A S then τ S S n = τ A S n . So the proposition is reduced to proving that τ S n = τ S n This uses the fact that S has only finitely many maximal ideals: By [7, Proposition 8.23 ],
where n 1 n k are the maximal ideals of S and E S/n i is the injective hull of the S module S/n i . Hence for j ∈ 1 k ,
Now, using the fact that elements of S − n j act invertibly on E S/n j and all its submodules, we see that it does not matter whether we compute the tight closure over S or over S n j . Also, the same fact implies that the annihilator of 0 * fg E S/n i commutes with localization. Therefore Ann S 0 * fg E S/n j S n j = Ann S n j 0 * fg E S/n j = τ S n j Proof of Theorem 4 1. By Proposition 3.1, we already know that τ A t ⊂ τ A A t . Note that for any maximal ideal m ⊂ A t , m ∩ A = m is a maximal ideal in A, so we may replace A with A m and A t with A t ⊗ A A m , and hence we can assume that A is local with maximal ideal m. To complete the proof of the theorem, we will prove that for every maximal ideal m ⊂ A t , τ A A t m ⊂ τ A t m . Now, if m is a maximal ideal in A t , then m = m + q t , where the class, q t , of q t at A/m is an irreducible polynomial. Note also that g A → A t m is a local homomorphism of local rings. We will distinguish two cases depending on the degree of q t :
POLYNOMIAL EXTENSIONS
• Deg q t = 1. In this case we may assume that m = m + t . Let c ∈ τ A . Since A is reduced and excellent, so is A t m , and as a consequence both rings are approximately Gorenstein. Thus, by Remark 2.3, is enough to prove that there is a sequence of small cofinite irreducibles, J n in A t m , so that for every n and any element z ∈ J * n , cz ∈ J n . Let I n be sequence of small cofinite irreducibles in A. Then J n = I n + t n is a sequence of small cofinite irreducibles in A t m . Pick z = z 0 + z 1 t + · · · + z k t k ∈ J * n . We will prove that cz ∈ J n , and to do so we may assume that k < n.
Let d ∈ A 0 be a common test element for A and A t m . Then
Since J n is a homogeneous ideal and k < n, dz q i ∈ I q n , for q 0, and hence z i ∈ I * n for i = 0 1 k. Therefore, cz i ∈ I n , for i = 0 1 k, and whence cz ∈ J n .
• Deg q t > 1. Since A/m is perfect, the extension A → A x / q x = S is finiteétale. Note that S contains an element ρ such that q t ∈ t − ρ ⊂ S t . Consider the commutative diagram
where β is the composition of theétale finite homomorphism A t m+ q t → S ⊗ A A t m+ q t with the localization at the maximal ideal m + t − ρ . By Theorem 3.2 and the previous case, τ A S t m+ t−ρ = τ S t m+ t−ρ and, again by Theorem 3.2, τ A t m+ q t S t m+ t−ρ = τ S t m+ t−ρ By Proposition 3.1 we may consider the exact sequence of A t m+ q tmodules, 0 −→ τ A t m+ q t i −→ τ A A t m+ q t −→ Coker i −→ 0 Now take the tensor product of this exact sequence with S t m+ t−ρ and note that Coker i ⊗ A t m+ q t S t m+ t−ρ = 0 Since β is faithfully flat, τ A A t m+ q t /τ A t m+ q t = 0 and therefore τ A t m+ q t = τ A A t m+ q t . i. C = R t 1 t k and g R → C is the natural ring homomorphism.
SMOOTH CHANGE OF BASE
ii. f C → G is anétale ring homomorphism (cf. [16] ). and open affine subsets of Spec A ,
Hence, 
Proof. It is sufficient to prove the statement for basic open affine sets that ⊂ X where trivializes, and by refining the cover if necessary we may assume that there is a non-zero homogeneous element u ∈ R, so that = u = 0 . Then
Now recall that R u −1 X t t −1 (cf. [20] ), therefore the homomorphism
is smooth, and as a consequence of Theorem 5.1,
In particular,
Our next objective is the study of finite flat homomorphisms which aré etale in codimension 1. By definition, f A → S is a finite homomorphism of normal ringsétale in codimension 1, if for any height-one prime ideal of S, say Q ⊂ S, the induced homomorphism
To prove the main result of this section (Theorem 6.1) we will assume that all rings appearing admit a canonical module. For a local ring R m of dimension d, a canonical module ω R is any finitely generated module whose Matlis dual, Hom R ω R E R , is isomorphic to the top local cohomology module with support in m, H d m R . If R is not a local ring, we will say that ω R is a canonical module for R if for each prime ideal p ⊂ R, ω R ⊗ R R p is a canonical module for R p (see [8] for the definition and properties of canonical modules for not necessarily Cohen-Macaulay rings). To prove this theorem we need some auxiliary results. In Lemma 6.2 we relate the canonical modules of A and S, and this is used in the proof of Lemma 6.3 where it is stated that F e S E S F e A E S . In Remark 6.5 we discuss the existence of common test elements for A and S, and in Lemma 6.6 we relate 0 * E A to 0 * E S
. Finally, the proof of Theorem 6.1 is detailed in 6.7. , to see that ω A ⊗ A S is a canonical module for S it is enough to observe that for each maximal ideal n i of S, Proof. Since f A → S is finite andétale in codimension 1, the map
is an isomorphism after localizing at a prime ideal of height 1 of A (see [7, 6.3] for the behavior of the Frobenius action under finiteétale extensions). So the dimension of the kernel and the cokernel of this map is less than d − 1 and as a consequence and if f A m → S is as in Theorem 6.1, the homomorphisms
By construction all these maps split and hence all of them are injective. Note also that any element γ ∈ E S E A ⊗ A S can be expressed as a sum of the form γ = k l=1 α l ⊗ A e l where α l ∈ E A for l = 1 k.
Remark 6.5. If A m is a reduced and excellent local ring of positive characteristic p and f A → S isétale in codimension 1, then there exists a common test element for A and S: By localizing at a suitable element b ∈ A we may assume that the induced homomorphism f b A b → S b iś etale. Now, for any element a ∈ A such that A ba is regular, S ba is regular too, and by Theorem 2.1 we can find a power of ba which is a test element for both A and S. . By Remark 6.4 we can assume that η = k l=1 δ l ⊗ A e l , with δ l ∈ E A . We want to prove that δ l ∈ 0 * E A for l = 1 k. Once more let c ∈ A 0 be a common test element for A and S. Then c ⊗ S η = 0 ∈ F 7. SOME OPEN QUESTIONS The behavior of the test ideal under flat homomorphisms it is still not completely understood. Of course, given an arbitrary flat ring homomorphism f A → S, we cannot expect that the test ideal of A extends to the test ideal of S, as can be seen in the following example.
Example 7.1. Let A = k x y , where k is a field of positive characteristic p = 3, and let S = k x y z / x 3 + y 3 + z 3 . Then A → S is a finite flat homomorphism. Since A is regular, τ A = A; however, note that x 2 ∈ y z * , but x ∈ y z , which means that τ S is proper. In fact, τ S = x y z , so τ A S = τ S (cf. [15, 18] ).
But note that in this case Proposition 3.1 still holds. Thus, a natural question is: Given a flat homomorphism f A → S, is it always true that τ S ⊂ τ A S? During the preparation of this paper, F. Enescu (personal communication) pointed out to us that this inclusion holds if A is complete (the result follows from the fact that τ S ⊂ I⊂A IS IS * ⊂ I⊂A I I * S = I⊂A I I * S = τ A S-note that the first equality holds because A is complete and hence S is ∩-flat; cf. [9, p. 41 
]).
When A m → S n is a flat homomorphism of local rings, the closed fiber S/mS is regular, S/n is separable over A/m, 0 * fg This fact illustrates one more consequence of the conjecture that for any prime ideal p in an excellent ring A, 0 * fg
